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PFAFFIAN OF APPELL’S HYPERGEOMETRIC 
SYSTEM F 4 IN TERMS OF THE INTERSECTION 
FORM OF TWISTED COHOMOLOGY GROUPS 

YOSHIAKI GOTO, JYOICHI KANEKO, AND KEIJI MATSUMOTO 


Abstract. We study a Pfaffian of the system of differential equa¬ 
tions annihilating Appell’s hypergeometric series F 4 (a, 6, c; x) by 
twisted cohomology groups associated with integrals representing 
solutions to this system. We simplify its connection matrix by the 
pull-back under a double cover of the complement of the singular 
locus. We express the simplified connection matrix in terms of the 
intersection form of the twisted cohomology groups. 


1. Introduction 

Appell’s hypergeometric system . 7 - 4 ( 0 , 6 , c) is generated by differential 
equations (I2.2ji annihilating Appell’s hypergeometric series F 4 (a, b , c; x) 
of x — (xi, x 2 ) defined by (12.IP where a, b and c = (ci, C 2 ) are param¬ 
eters. It is a holonomic system of rank 4 with singular locus 

S = {(x 4 , x 2 ) G C 2 | X]X 2 (x 2 + Xg — 2 x]X 2 — 2xi — 2x 2 + 1) = 0} U 

where L is the line at infinity in the projective plane P 2 . 

I 11 this paper, we study a Pfaffian of the system U 4 (a, b, c) by a 
twisted cohomology group R 2 (i?*(C 2 ), V) associated to integrals (12.31) 
representing solutions to this system. We regard the Pfaffian of J- 4 (a, b, c) 
as a connection Vy of a vector bundle over X = P 2 — S with fiber 
R 2 (i?*(C 2 ), V) over x G X. We find a frame of this vector bundle 
and represent the connection as 5 = EPdxi + S 2 dx 2 in Theorem 14.11 
in terms of 4 x 4-matrices S * 1 and S 2 . The connection matrix satisfies 
the integrability condition dE = S A S and has no apparent singularity, 
but S 4 and S 2 are complicated and dE 7 ^ O. To make the connection 
matrix simple, we consider a double cover Y of X defined by a map 

C 2 9 ( 2 / 1 , y 2 ) (ici, x 2 ) = - y 2 ), y 2 {l ~ 2 / 2 )) G C 2 . 
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It induces the pull-back bundle and the pull-back connection Vy. By 
changing a frame of the pull-back bundle, we express the pull-back 
connection Vy by S in terms of logarithmic 1-forms of the variables y\ 
and y 2 in Theorem 15.11 In particular, we have gE = 5 A S = O. It is 
studied in jKatj that the pull-back of F 4 (a, &, c; x ) under a similar map 
satisfies a Pfaffian equation equivalent to ours. 

There is the intersection pairing X c between C 2 ),V) and 

Lf 2 (i2*(C 2 ), V v ), which is defined by the dual derivative V v of V. We 
have the dual vector bundle over A" and the dual connection satis¬ 
fying 

d x X c (cp, ip') = X c {\7 X iPi ip') + Zc{ip, V^'), 

where <p and ip' are a section of the vector bundle and that of its dual, 
respectively, and d x is the exterior derivative with respect to X\ and 
x 2 . We can not find a frame of i/ 2 (i?*(C 2 ), V) satisfying 

(1.1) d x X c (ipi,ip^) = 0 

for any 1 < i,j < 4, where <pi G H 2 (f2*( C 2 ), V) and is the image 
of ipj under the natural map from i/ 2 (J7 # (C 2 ), V) to i/ 2 (i?*(C 2 ), V v ). 
The intersection pairing is defined between the pull-back bundles, and 
the frame of the pull-back bundle used in Theorem 15.11 satisfies the 
relations (II.ip for any 1 < i, j < 4. The existence of the frame enables 
us to represent the pull-back connection Vy by the intersection form X c 
in Theorem 15.21 We remark that this expression is not given in terms 
of matrices. 

The monodromy representation of J- 4 (a, b, c) is initially given in [ Kan] 
by a twisted homology group associated to integrals ( 12 .3[) , and recon¬ 
sidered in [GMj by the intersection pairing. In [GMj , we characterize 
the circuit transform of a loop turning around each component of S 
by the intersection form and a subspace of vanishing cycles as x ap¬ 
proaches the component. In Lemma 15.41 we characterize the coefficient 
matrix of the logarithmic 1 -form corresponding to a component of S 
in S by the intersection form and a subspace of vanishing forms as x 
approaches the component, where S is the preimage of S under the 
double cover. 

Appell’s hypergeometric system J r 4: (a,b,c) is generalized to Lauri- 
cclla’s hypergeometric system X'c(a, b, c) of rank 2 m with m variables. 
For this system, we have twisted (co)homology groups associated to 
integrals representing solutions. The monodromy representation of 
Ac (a, b, c) is expressed in terms of intersection form between twisted 
homology groups in |Gj. However, we have not seen that the system 
7b(a, b, c) admits a Pfaffian system with a simple expression of the 
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pull-back connection under some covering map. We think that it is 
important to find a covering map and a frame of its pull-back bundle 
satisfying the relations (II.lj) for any 1 < i,j <2 m . 

For studies of Pfaffians of Lauricella’s hypergeometric systems Ta 
and Tr, of m-variables, it is easy to find such frames without consider¬ 
ing covering maps. Their Pfaffians are expressed in terms of intersec¬ 
tion forms between twisted cohomology groups associated to integrals 
representing solutions, refer to [Ml] and |M2| . 

2. Appell’s HYPERGEOMETRIC FUNCTION Fa 


In [ApKa], Appell’s hypergeometric series F 4 (a, 6 , c;x) of variables 
X\,X 2 with parameters a, b, c = (ci,C 2 ) is defined by 


(2.1) F /i (a,b,c 1 ,c 2 ;x 1 ,x 2 ) = ]T] 


(a, 7 ii + n 2 )(b, ni + n 2 ) 
n^= o ( c i, n 2 )rii\n 2 \ 


n\ ~,7i2 


~0C i OC' 


2 ? 


where ci, C 2 ^ 0, —1, —2 ,... and (a, k ) = a(a + 1) • • • (a + k — 1) = 
r(a + k)/r(a). This series converges in the domain 

D = {x = (x 1 , x 2 ) G C | y/jarT + y/i^j < 1}, 
and satisfies differential equations 

xi(l — x{)d\ — x\d1 — 2xix 2 did 2 

+{ci - (a + b + l)au}<9i - (a + b + l)x 2 d 2 - ab f(x) = 0, 

( 2 . 2 ) 

x 2 {l - x 2 )dl - x\dl - 2xix 2 did 2 

+{c 2 - (a + b + l)x 2 }d 2 - (a + b + l)xid\ - ab f(x) = 0. 

The system generated by them is called Appclhs hypergeometric system 
Fi(a,b,ci,c 2 ) of differential equations. This system is of rank 4 with 
singular locus 

S = {(xi, x 2 ) G C 2 | XiX 2 R(x) = 0} U Lqo C P 2 , 
where is the line at infinity and 

R(x) = x\ + x\ — 2 x\x 2 — 2x\ — 2x 2 + 1- 
We use the following integral representation of solutions of T\ (a, b, c ) 

ds i A ds 2 


(2.3) 


u(s , x)- 


SlS 2 
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where 

u(s,x) = Si 1 S 2 2 Q( s ) A3 -^( s ) x ) Xa , 

Q = Q(s) = Si ®2 — si — s 2 , L — L(s, x) = 1 - S 1 X 1 - s 2 x 2 , 

X\ — a — C 2 + 1, A 2 = o — Ci + 1, A 3 = Ci + C 2 — o — 2, A 4 = — b, 
and a 2-chain A loading a branch of u(s,x ) is a twisted 2-cycle. Refer 
to [AoKij for twisted cycles and twisted homology groups. 

Remark 2.1. It is convenient for the study of a Pfaffian system of 
. 7 - 4 ( 0 , b, c) to use the multi-valued function u(s,x ) in stead of 

u ( t , x ) = 1 - (, - 12 )«+«—hi _ n _ A)-* 

1 1 1 2 

used in PMj. We have u(s,x ) by the change of variables (fi,f 2 ) = 
(1/si, l/s 2 ) and the replacement a ha a + 1 for u(t, x). 

3. Twisted cohomology group 

We regard the parameters a, b and c = (ci, c 2 ) as indeterminants and 
we set 

°oo = a i °io = o — Ci + 1, Ooi = o — C 2 + 1, On = & — Ci — C 2 + 2, 

^00 = b, b w = b — Ci + 1, &01 = b — c 2 + 1, 6n = 6 — Ci — C 2 + 2. 

We assume that 

(3.1) a i:j , bij <£ Z (i, j G Z 2 = {0,1}) 

when we assign complex values to the parameters. Recall that 

Ai — o — C 2 T 1, A 2 = o — Ci T 1, A 3 — Ci T C 2 — o — 2, A 4 — — b. 

In this section, we regard vector spaces as defined over the rational 
function held C(A) = C(Ai,..., A4) = C(a, b, ci, C 2 ). 

We set 

I={(s,i)eC 2 x W|sis 2 Q(s)L(s,x) ^ 0} C (P 1 x P 1 ) x P 2 , 

where X is the complement of the singular locus S of . 7 - 4 ( 0 , b, c ) in P 2 . 
There is a natural projection 

p : X 3 (s, x) x G X. 

For any hxed x G X, we have 

= P' 1 ^) = {s = (si,s 2 ) 6 C 2 | SiS 2 Q(s)L(s,x) 7 ^ 0} 

and an inclusion map 

% x • Cj. 3 s 1 —x (s, x) G 3C. 

We denote the C(A)-algebra of rational functions on P 2 with poles 
only along S by O(X). We denote the vector space of rational k- forms 
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on (P 1 x P 1 ) x P 2 with poles only along the complement of X by i? fc (X) 
and the subspace of 1 ?* +J (X) consisting elements which are f-forms with 
respect to the variables si,s 2 by i2* ,:, (X). 

We set 


U! 


LUX 


d s log (u(s,x)) 
d x \og(u(s,x)) 


Xidsi \ 2 ds 2 X^d s Q{s) A 4 d s L(s,x) 
si + s 2 + Q(s) + L(s,x) 
X^sidxi XiS 2 dx2 
L(s, x) L(s, x) 


where d s and d x are the exterior derivative with respect to Si,S 2 and 
to xi,x 2 , respectively. Note that u G i? 1 , 0 (X) and uj G i? 0 , 1 (X). By 
a twisted exterior derivation V = d s + cuA on X, we define quotient 
spaces 


V) = ker (V : f? M (X) -A f? fc+ 1 ’°(X)) /V (X2 fc - 1 ’°(X)) 

as (9(W)-modules, where k = 0,1, 2 and we regard ]? _ 1 , 0 (X) as the zero 
vector space. 

For a fixed x, the inclusion map i x induces a natural map from 
if*(tf’-°(X), V) to the rational twisted cohomology group 


H k ({2'(Cl),V) = ker (V : J7 ft (Cj) -4 fl‘ + 1 (C*)) /V (^“‘(Cl)) 

on C 2 with respect to the twisted exterior derivative induced from 
V. Here Q k { C 2 ) is the vector space of rational k -forms with poles only 
along the complement of C 2 in P 1 xP 1 . The structure of H k (fl*( C 2 ), V) 
is known as follows. 


Fact 3.1 f (A 0 K 1 ] . [C] 1 . ( i) We have 

(ii) There is a canonical isomorphism 

]x -.H\n-(Cl),V) -A H 2 (£- c (Cl),V) 

= ker(V : £ 2 (C 2 ) -A ^(C^/V^x)), 

where £ k (C 2 ) is the vector space of smooth k-forms with com¬ 
pact support in C 2 . 

We have a twisted exterior derivation V v = d s — uj A for —oj and 

i7 2 (f? ,, 0 (X), V v ) = i? 2 , 0 (X)/V v (l? 1 , 0 (X)), 
tf 2 (H-(C 2 ),V v ) = f? 2 (C 2 )/V v (J? 1 (C 2 )). 










6 


YOSHIAKI GOTO, JYOICHI KANEKO, AND KEIJI MATSUMOTO 


For any fixed x G X, we define the intersection form between // 2 (i?*(C 2 ), V) 
and i/ 2 (J2*(C 2 ), V v ) by 

UtPxi Fx) = / JxiiPx) A (p x G C(A), 

where (p x ,ip' x e f? 2 (C 2 ), j* is given in Fact 13.11 This integral converges 
since J x (<p x ) is a smooth 2-form on C 2 with compact support. It is 
bi-linear over C(A). 

We take four elements (p 4) ..., 994 of H 2 (f2* ,0 (X), V): 


dsi 2 

<P 1 =-, <f2 

sis 2 

x 2 dsi2 

F3 py y; ^4 

SiL(s, x) 

where dsi 2 = ds 4 A ds 2 - 


^idsi2 

S2L(s,x) 1 

ds 12 

Q(s)L(s,x)’ 


Proposition 3.1. For a fixed x G X, the numbers 
(1 < i,j < 4) are (27r\/^T ) 2 Cij, where 


C\\ = 


C\2 — 

C 13 = 
C 14 = 
C 22 — 

C 2 3 = 

C 24 = 
A' 3.3 = 
C 34 = 

c 44 = 



0 , 

( 

0 , 




A 4 A 


234 


1 1 

7-1- 

b 11 «oi 


AsA4l?(a;) anfcoo-R(^) 


-i 1 
^00 ^01 


Cji = Cij for i < j, 

Ao = —(Ai + A 2 + 2 A 3 + A 4 ) = 611 , A 123 = Ai + A 2 + A 3 = aoo, 


A 434 — —(Ai + A 3 + A 4 ) — b 


10 , 


A 234 — — (A2 + A3 + A4) — 601 • 
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The matrix C = (C'jj)i.j is symmetric and its determinant is 


det(C') 


4A3 

AoAiA2A4Ai23A 134 A 2 34i?(a;) 



4a ll 

b 2 m R(x)' 


Proof. For a fixed x, we blow up P 1 x P^D C 2 ) at two points (0, 0) and 
( 00 , 00 ). We tabulate the residue of the pull back of u to this space 
in Table [H where E 0 and E 00 are exceptional divisors coming from the 
blow up of P 1 x P 1 at the points (0, 0) and ( 00 , 00 ), respectively. By 


divisor 

A’s 

&ij 1 bij 

a, b, d, c 2 

Eoo 

Ao 

bn 

b — Ci — C 2 + 2 

Si = 0 

Ai 

®01 

a — C 2 + 1 

s 2 = 0 

A 2 

Oio 

Ci — Ci -hi 

Q(s) = 0 

A 3 

—an 

—a + Ci + C 2 — 2 

L(s, x) — 0 

A 4 

O 

O 

-O 

1 

-b 

E 0 

Al23 

a 00 

a 

Si = 00 

A 134 

&10 

b - ci + 1 

s 2 = OO 

-^234 

^01 

b — c 2 + 1 


TABLE 1. Residues for components of the pole divisor 
of c 0 


using these data, follow the proof of Theorem 5.1 in [GMj . □ 

Note that the matrix C is well-defined and det(C) 7 ^ 0 for any x G 
X under our assumption. The natural map from // 2 (l2* , 0 (3C), V) to 
/J 2 (1?*(C 2 ), V) is surjective by Factl3Tl 

Corollary 3.1. We can regard the O(X)-modules i/ 2 (i?*’ 0 (X), V) and 
H 2 (l 2*’°(j£), V v ) as vector bundles 

U (J H 2 (S1’(CI),V j ), 

xdX xClX 

over X. The classes of tpi,... , <p 4 form frames of H 2 (E ,X) (X), V) and 
// 2 (f?’’ 0 (X),V v ). 

Proof. We have only to prove that the natural map from H 2 (i ? ,, 0 (3f), V) 
to Ff 2 (i?*(C 2 ), V) is injective. We show that if an element (p G J? 2,0 (X) 
satisfying i*(<p) = 0 as an element of Ff 2 (i?*(C 2 ), V) for any fixed 
x G X then tp belongs to V(i? 1 , 0 (3C)). There exists if x G 12 1 (C 2 ) such 
that V'lfx = i* x (p>) for any x. Since this differential equation is of vari¬ 
ables si,s 2 with parameters x±,x 2 , ip x can be globally extended to if. 
Hence we have if G J? 1,0 (X) such that X(if) — cp. □ 
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Figure 1. Pole divisor of u 

By Proposition 13.11 and Corollary 13.11 the intersection form Z c is 
regarded as a map from i/ 2 (j2*’ 0 (£), V) x Pf 2 (J?*’°(X), V v ) to 0(X). 

4. Pfaffian system of (a,b,c) 

For any p G Pf 2 (i? ,,0 (jC), V), we have 
(4.1) 

d x / u(s,x)ip= / (d x u(s,x) A p + u(s,x)d x p) = / u(s,x)(V x <p), 

J A J A J A 

where a 2-chain A loading a branch of u(s, x) is a twisted 2-cycle. Thus 
the exterior derivative d x on A" induces the connection Vj = d x +wjA 

V A - : H 2 {n*'°{3L), V) -A H 2 (f2 9 '\X),V) = 12 2 ’ 1 (X)/V(f? 1 ’ 1 (X)). 

By considering 1 /u(s, x) instead of u(s, x ), we also have the connection 
= d x — Ux A 

: // 2 (J7*’°(Z), V v ) ->iJ 2 (/2*’ 1 (Z),V v ) = J2 2 ’ 1 (jE)/V v (/2 1i1 (jE)). 
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Proposition 4.1. The connection Vx is compatible with the intersec¬ 
tion form T c , i.e., they satisfy 

d x l c (ip, ip') = T C {S7xT-, v') + T C (<P, ^xT 1 )- 


Proof. It is enough to show this identity in any small simply connected 
domain U in X. We have 


d x l c (tp, ip') = d x u(s, x)j x (ip) A f 

Jci u{s,x) 

j r 


/ d x [u(s, x)j x (<p)\ A / 

/ C 2 u(s,x) 


<P 


+ / u(s, x)j x (<p) A d x 
Jci u(s,x) 


'G 


^x(jx{p)) k<p'+ j x {ip) a vxy, 


>G 


since j x (<p) is with compact support for any point x £ U. By follow¬ 
ing the proof of Lemma 7.2 in [Ml] , we can show that V x(jx(<p)) is 
cohomologue to j x (Vx(<p))- Hence we have 


<G 


Vx(jx(<p)) A ip' = / j x (V x (<p)) A p' = l c (V X ip, ip'), 


'G 


which completes the proof. □ 

Since V xP £ i? 2,1 (3C), there exist Si and S 2 in O(X) such that 

4 4 

X7 x p = dx i A E]ipi + dx 2 A^2 


i=l 


2=1 


By calculating Sj and S 2 for p = ipi ,..., </? 4 , we represent the connec¬ 
tion Vj as 

V A - • • ■, ip*) = 5 A ..., (pi), S = cLqS 1 + dx 2 S 2 , 

where S 1 and S 2 are 4 x 4-matrices over the algebra 0(X). By (14.lh . 
the vector valued function 

F(x)= f (J u(s,x)(pi, . .. ,J u(s,x)ip 4 

satishes a system of differential equations 

d x F(x) = S A F(x). 

Let us determine S 1 and S 2 . A straightforward calculation implies the 
following. 
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Lemma 4.1. 

t -7 / \ j a . , . —A 4 cisi2 

V xwi) = dx i A---h dx 2 A--— 

s 2 L s\L 

dx i dx o , . 

= - A ( —A 4 )992 H-A (— A 4 )</?3, 

Xi x 2 

(i - A 4 SiXi - S 2 £ 2 )dSl 2 , A (1 - \ 4 )xids 12 

VxM = dx lA--hdT 2 A- — -, 

A (1 - A 4 )a:2cisi2 A ^ 1 - A 4 s 2 T 2 )cisi2 

Vi(^s) = dx x A--^-+ cfe 2 A-- ^2 -’ 

^ 1 A 4 )s 4 (isi2 j (1 — A 4 )s 2 (isi2 

VyM = dor A -- + g?X2 A --^-. 

To obtain S 1 and S 2 , we express 

ds± 2 s 4 dsi 2 s 2 ds 42 ds 42 ds\ 2 <sid<si 2 s 2 dsi 2 

XX' XXX' XXX' XX' XX' XXX' XXX' 

in terms of ..., </? 4 . 

Lemma 4.2. As elements of H 2 (l 2 ,,0 (3C). V), we have 

~ 4 ~JY~~~ d s 12 = (Al + A 2 + A3)93i + (A 2 — A 4 )<^2 

T(Ai A 4 )<^3 3 + \ 3 (l-x 1 -x 2 )v? 4 , 

(A 4 — Ai + A 3 + 1 

-—-«Sl 2 — - P 2 + A 3 (/9 4 , 

S 2 L- Xi 

(A 4 — 1)X2S2 , A 2 + A 3 + 1 

---«.S '12 — -<^3 + A 3 <^3 4 . 

siiA x 2 

Proof. Straightforward calculations imply 

/ x 4 (isi — x 2 ds 2 ds\ ds 2 \ 

v V l + ^ 

2(A 4 - l)xix 2 dsi2 

““ X 

— [(Al + A 2 + A 3 )<£>i + (A 2 — A 4 )</9 2 + (Ai —A 4 )</9 3 + A 3 (l — X\ — X 2 )(p4\, 


V - 


s 4 ds 2 \ (A 4 — l)xiSi 


ds V2 - 


Ai + A 3 + 1 


P2 + A 3 <^ 4 ] , 


s 2 ds\ A (A 4 — l)x 2 s 2 , r A 2 + A 3 + 1 1 

ITT J = 3,l 2 ^ - I—^^ + ' 


which shows this lemma. 
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Lemma 4.3. As elements of // 2 (J2* , 0 (3£), V), we have 

(Ai + A 2 + A 3 )(/9i + (A 2 — A 4 )(^2 
+ (Ai + 2A 2 + 2A 3 + A 4 )9?3 + A 3 (l— xi+x 2 )</94, 

(Ai + A 2 + A 3 )(/?i + (2Ai + A 2 +2A 3 +A 4 )(^ 2 
+(A 4 —A 4 )</3 3 + A 3 (1+x 4 —x 2 )^ 4 . 

/_J-_ xi_ _ 82X2 \ n - ^21 - VJL 

\SiL 2 L' 2 S\L 2 ) 12 S\L x 2 ’ 

/_J-_^2 _ S jXj A _ Cki2 _ ^2 

Vs 2 ^ 2 L 2 s 2 L 2 J Sl2 s 2 £ xi 

Use Lernrna 14.2[ □ 


2(A 4 — l)x 2 

ZZ 2 

2(A 4 - l)x 4 


<is 4 2 — 


s 2 L 2 

Proof. Note that 


G?Si 2 — 


Lemma 4.4. 


S 4 dSi 2 

QL 2 


s ids 12 
QL 2 


1 —1C1+1C2 (Ai + A 2 + 2 A 3 + A 4 )(l + X] — x 2 )x 2 ds\ 2 
R(x) Lf>4 A 3 R(x) TX 

2Xix 2 dsi 2 A 2 (l — xi - x 2 ) dsi 2 
X 3 R(x) S1L 2 X 3 R(x) s 2 L 2 ’ 

1 + 34 — x 2 (Ai + A 2 + 2 A 3 + A 4 )(l — x 1 + 34)34 ( ^' 5 i 2 

R(x) A 3 R(x) L 2 

A 4 (l - xi- x 2 ) ds i2 _ 2 X 2 Xi ds 12 
X 3 R(x) S1L 2 X 3 R(x) s 2 L 2 


Proof. Set 


Vo 


ds\ 2 

-QL 2 ' 


Vi 


Sids\ 2 

~QlX' 


s 2 dsi 2 
712 = QL 2 ' 


There is a relation 


Vo ~ xirj 1 - x 2 rj 2 


(1 - s 4 xi - s 2 x 2 )ds 12 
QL 2 


Pa 
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among them. We have 


x j ds i + x 2 ds 2 \ 

^ ) 


= A 3 (xi - x 2 )r) 0 - A 3 xi? 7 i + X 3 x 2 r] 2 + ( 
dsi — ds 2 


Al ^2 A2T1 


L 2 


+ 


si L 2 s 2 L 2 

(xi + x 2 )(—s 2 dsi + sids 2 )\ 

^ ) 


)ds 12 , 


= 2A 3 ?7 o + X 3 (x 1 + x 2 - l)?/i + A 3 (aq + x 2 - l)r] 2 

( Ai A 2 (Ai + A 2 + 2A 3 + A 4 )(xi + ^ 2 )A , 

“U^ V n- ) dSl2 ’ 

which are zero as elements of H 2 (f} 9,0 (3£), V). By regarding these re¬ 
lations as linear equations of variables r/ 0 , r/i, rj 2) solve them. □ 


Remark 4.1. The form ?/o 
expressed as 


ds\ 2 /QLf in the proof of Lemma \f.f 


is 


1 — X\ — x 2 2(Ai + A 2 + 2A 3 + \ 4 f x\X 2 ds\ 2 
Vo ~ R(x) ^ 4+ A 3 R(x) TX 

X\x 2 {l + xi - x 2 ) ds l2 A 2 Xi(1 - x 1 + x 2 ) ds l2 

X 3 R{x) SiL 2 X 3 R(x) s 2 L 2 

Lemmas 14.11 14.21 14.31 and 14.41 yield the representation of V x with 
respect to the frame t (^i, ..., ipf). 

Theorem 4.1. With respect to the frame ..., tpf), the connection 
Vj is represented as 


V Y *(¥>i,..., y> 4 ) = E A t (Ti, ■ ■ ■, <Pa), 

where S = "E l dx\ + rfdx 2 and 


( 

0 

A4 

0 

0 

\ 


0 

X\ 

Ai + A 3 

0 

—A 3 



X\ 

A2 — A4 



Ai + A 2 + A 3 

Ai — A4 

A 3 (l - X 1 

- x 2 ) 


2 xi 

2 x\ 

2.x'i 

2 x\ 


\ 

"1 

^1 

^1 

"1 

/ 

1 —'4,1 

^4,2 

^4,3 

^4,4 


























/ 


^2 


V 


■^1 

"" 4,1 


^1 _ 
"" 4,2 — 


■^1 _ 
"" 4,3 — 


■^1 _ 
"" 4,4 — 


^2 

"" 4,1 


^2 _ 
"" 4,2 ~ 


^2 _ 
"" 4,3 — 


^2 _ 
"" 4,4 — 
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0 


0 


0 


\ 


X2 


Ai + A 2 + A3 A2 — A4 Ai — A4 A 3 (l — X\ — x 2 ) 


2 x 2 

0 

^2 

-"4,1 


2x 2 

0 

-2 

-"4,2 


2 x 2 

A2 + a 3 

%2 

^2 

""4,3 


2x 2 

—a 3 

^2 

"" 4,4 


/ 


Ai + A 2 + A 3 /A4 — A2 (Ai + 2A 3 + A 4 )(l + Xi — x 2 ) 
A 3 \ R(x) 2 xi R(x) 

(A2 — A4) (A2 + 2 A 3 + A4) 


A 3 R(x) 

A1A2 + A1A4 + A2A4 + 2 A 3 A 4 + A^ 1 — X\ — x 2 
2 A 3 x\R( x) ’ 

A1A2 + A4A4 + A2A4 + 2 A 3 A 4 + X\ 

X 3 R(x) 

(Ai — A4) (A4 + A4 + 2 A 3 ) 1 — X\ — x 2 


2 A, 


x\R(x) 


—(Ai — 2 A 3 — 3A4 + 2) — + (Ai — A4 + 1 )- 


— (Ai + 2 A 3 + A4 


2 R(x) 
(X2 - l) 2 
2 xiR(x) ’ 


R(x) 


Ai + A 2 + A 3 /A2 — A4 (A2 + 2A 3 + A4)(1 — X\ + x 2 ) A 

a 3 v R( x ) 2 x 2 r{x) ) 

A1A2 + A1A4 + A2A4 + 2 A 3 A 4 + Af 
X 3 R(x) 

(A2 — A4) (A2 + 2 A 3 + A4) 1 — x\ — x 2 


2A 3 x 2 R(x) 

(Ai — A4) (Aj + A4 + 2A 3 ) 

X 3 R(x) 

A1A2 + A1A4 + A2A4 + 2 A 3 A 4 + A4 1 — x\ — x 2 


2 A 3 


x 2 R(x) 


-(A 2 - 2A 3 - 3 A 4 + 2) or> ;_^ + (A 2 - A 4 + !)-^y 


— (A2 + 2 A 3 


2 R{x) 
(X! ~ l ) 2 
2 x 2 R(x) 
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Remark 4.2. Though the connection matrix S is not closed, it satisfies 
the integrability condition , i.e., 

i 1 ^ 2 — E 2 E 1 )dxi A dx 2 




d 


+ 


d 


dx i A dx 2 7 ^ O. 


(9t 2 

Remark 4.3. We give some expressions of elements of H 2 (f2*'°(X), V) 
in terms of <pi ,..., ip 4 : 

V(-— + —) = ^ 3< ^ 12 _ [—(A! + A 2 + A 3 )(/?i + A 4 <p 2 + A 4 y> 3 ], 

Si S 2 G 

V(—) = + 

s 2 si<y 


v(- 


ds 1 


A3<isi 2 


— — (A 2 + As)<^i + A 4 </? 3 ]. 


Si s 2 Q 

Remark 4.4. We define a function f\(x) by f A u(s,x)ip 1 for a twisted 
cycle A loading a branch ofu(s,x). This function satisfies 


Xl 


xix 2 


d fi(x) 
dxi 

d 2 fi(x) 

dx\dx2 


= —A 4 / u(s,x)ip 2 , x 2 


dfi(x) 

8 x 2 


= -A4 / m(s,x)93 3 , 


a 4 


2 L 


A123 / m(s,x)^i + (A 2 —A 4 ) / m(s,x) 9? 2 


-KA1-A4) / u(s, x)(/?3+A 3 (1 -Xl-x 2 ) / m(s,o;)v94 


T/ms t/ie vector-valued function 


Fo(x) = f fi{ x ), x i 


dfi(x) dfc (x) d 2 ffix) 


-,x 2 - 


-,x 1 x 2 - 


satisfies 

where 


r\ 7 Z r\ 7 ± Z r\ r\ 

( 7 Xi UX2 UX1OX2 

d x F d (x) = (Gq^Gq 1 + drGg G a 1 )i^(a;), 


Gn = 


/ 1 0 0 0 

0 -A 4 0 0 

0 0 -A 4 0 

Aj23 A 4 (^ 2 ~^4)^4 (Aj —A 4 )A 4 A3A4(1— X\—X2) 


Gt = 


1 

0 

0 


0 

-A 


-1 


0 

0 

-A4- 1 


0 

0 

0 


\ 


l — A 123 A 2 — A 4 Ai— A 4 _2_ 1 

\ A 3 (l— Xl— rr 2 ) A 3 A 4 ( 1 — 11 —x 2 ) A 3 A 4 ( 1 —si—X 2 ) A 3 A 4 (1—si— 12 ) / 


Note that the matrix Gg does not belongs to GLfiO(X)). 
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5. Connection matrix in terms of intersection form 


We define an affine variety 

X = {(xi,x 2 ,x 3 ) G C 3 | x 2 3 = R(x)}, 

which is regarded as the double cover of C 2 branching along the divisor 
R(xi,x 2 ) = 0 by the projection 

pr : X 3 (xi,x 2 ,x 3 ) -3 (x ll x 2 ) E C 2 . 


Note that 


1 + X! - x 2 - x 3 \ f 1 + Xi - x 2 + x 3 


1 - Xi + x 2 - x 3 \ f 1 - Xi + x 2 + x 3 


= X U 


= X 2 , 


for (. xi,x 2 ,x 3 ) E X. Thus the preimages of lines x 3 — 0 and x 2 = 0 in 
C 2 under the projection pr are expressed as equations 
1 + xi - x 2 - x 3 1 - Xi + x 2 - x 3 _ 

2 _ ’ 2 _ ’ 

and 

1 + ~ X 2 — £3 _ 1 — X\ + x 2 — X 3 _ 

2 — ’ 2 — ’ 


in X respectively. By a map 
X 3 (x u x 2 ,x 3 ) 1 y (yi,y 2 ) = 


1+Xi-X 2 -X 3 l-x!+x 2 -x 3 


E C 2 , 


X is bi-holomorphic to C 2 ; its inverse is expressed as 
C 2 3 ( 2 / 1 , 2 / 2 ) {x 1 ,x 2 ,x 3 ) = (2/i(l — 2 / 2 ), (l-y 1 )y 2 ,l-y 1 -y 2 ) E X. 

Though (xi,x 2 ) are not valid as local coordinates on the set 

|(xi,x 2 ,x 3 ) E X 3 - R(x)) = 2x 3 = 0} , 


we can use ( 2 / 1 , 2 / 2 ) = 


l+xi~x 2 -x 3 l-x 1 +x 2 -x 3 


as a global co¬ 


ordinates system on X. The covering transformation 
p : {xi,x 2 , x 3 ) 1 y {xi,x 2t -x 3 ) 
of pr : X —> X is represented as 

( 2 / 1 , 2 / 2 ) (1 — 2 / 2,1 — 2/i)- 

The ramification locus of pr is 

{( 2 / 1 , 2 / 2 ) e C 2 | 2/1 + y 2 = 1 } 
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and the preimage of the singular locus of (a,b,c) in C 2 under the 
projection pr is 

{(2/1,2/2) e C 2 | [2/1(1 — 2/2)] • [2/2(1 —1/1)] - (1 — 2/1 -2/2) = 0 }. 

We set 

1 ' = {y = (2/1,2/2) e C 2 I j/i(l - 2 / 02 / 2(1 -2/ 2 )(l -2/1 -2/2) ^ 0 } C P 2 , 

§ = p 2 - y. 


Note that S and Y are invariant as sets under the action of p. By the 
vector bundle H 2 (i 2 * ; 0 (X), V) over X and the projection pr : Y —» X, 
we have the vector bundle 


pr*H 2 (f 2 *’°(X), V) = {(y >¥ >) G V x i/ 2 (/ 2 -’°(X), V) | pr(y) = pfa)}. 
Its frame t {fp \,..., <£>4) is given by the pull-backs 


<Pi=pr*((pi) (i = 1 ,..., 4 ) 

of <pi,... ,<p4 in H ' 2 (Q * 0 (X), V) under the projection pr. The connec¬ 
tion Vy = pr*Xx of pr*H 2 (l 7 ,,0 (X), V) for the frame , £>4) is 

defined by the pull-back of H under the projection pr. 

Corollary 5 . 1 . With respect to the frame t {fp\ ) ..., <pf), the connection 
Vy is expressed as 


where 


S A 


“ — ^ dy\ + s 

0 

-a 4 

-a 4 

yi 

2/1-1 

Al 23 

—A2+A4 A1+A3 

— A1+A4 

2(3/1—1) 

2 ( 3/1 — 1 ) 3/1 

2 ( 3/1 1 ) 

Al 23 

— A2+A4 

— A1+A4 A2+A3 

2yi 

2j/i 

2s/i 2/1-1 

Si 

Si 

Si 

1 —'41 

""42 

""43 

0 

— A4 

-a 4 

2/2-1 

2/2 

Al 23 

—A2+A4 A1+A3 

—A1+A4 

2 2/2 

23/2 2/2-1 

2l/2 

Al 23 

— A2+A4 

—A1+A4 A2+A3 

2 ( 3 / 2 — 1 ) 

2 ( 3 / 2 — 1 ) 

2 ( 3 / 2 — 1 ) 2/2 


'dy 2, 


\ 


_A 3 

2 

A3 1 

2 ~ 


A3 2/2 

2 ( 3/1 1 ) 

A3 ( 3/2 — 1 ) 
2 yi 

5i 

-"44 






A 3 

2 


Am 

2(3,2—1) 
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771 
1 —'41 


77I 

—42 


77I 

—43 


- 71 
—44 


772 

—41 


772 

—42 


772 

—43 


(A 3 — A 134 )Ai 23 _ (A3 ~ A 234 )Ai 23 
2 A 3 2 /i (2/2 - 1 ) 2 A 3 (j/i - 1)2/2 

(A3 — A 234 )A 12 3 _ (2A3 + A4 + Ai)Ai 23 

2 A 3 2 / 2 (2/1 + 1 / 2 - 1 ) 2 A 3 ( 2/2 - 1 )( 2/1 + 2/2 - 1 ) ’ 

(A2 + A 4 )(Ai + A 4 ) (A2 + A 4 )(Ai + A 4 ) A 4 

2 A 3 (j / 2 - l)(2/i + 1/2 - 1 ) 2 A 3 (y 2 - 1)2/1 i'ih ~ l)(j/i + 1/2 - 1 ) 

_ ^4 _ (a 2 — A 4 )(A 3 — A 234 ) (a 2 — A 4 )(A 3 — A 234 ) 

2/i(2/2 - 1 ) 2 A 3 2 / 2 (2/1 - 1 ) 2 A 3 j/ 2 (j/i + 2/2 — I) 

(A 2 + A 4 )(Ai + A 4 ) _ (A2 + A 4 )(Ai + A 4 ) _ A 4 
2 A 3 2 / 2 ( 2 /i - 1 ) 2A 3 2 / 2 (2/1 + 1/2 - 1 ) 2/2 (2/1 + 1/2 - 1 ) 

-^4 _ (Ai — A 4 )(A 3 — A 134 ) (Ai — A 4 )(A 3 — A 134 ) 

2/2(2/1 - 1 ) 2 A 3 (t / 2 - l)(2/i + 1/2 - 1 ) 2 A 3 (j / 2 - l)2/i 

2A 4 + 2 A 3 — 1 _ A3 — A 234 _ A3 — A 134 
2/i + 2/2 — 1 2(2/1 — 1) 22/1 


( 2 A 3 + A 4 + Ai)Ai 23 ( 2 A 3 + A 4 + Ai)Ai 23 
2 A 3 2 /i ( 2/2 - 1) 2 A 3 2 /i ( 2/1 + 2/2 - 1) 

(A 2 + 2 A 3 + A 4 )Ai 23 (A 2 + 2 A 3 + A 4 )A 

2 A 3 ( 2 /i — 1) ( 2/1 + 2/2 — 1) 2 A 3 2/ 2 ( 2/1 °— 1) 


123 


5 


(A 2 + A 4 )(Ai + A 4 ) _ (A 2 + A 4 )(Aj + A 4 ) _A,_ 

2 A 3 (i /2 - l) 2 /i 2 A 3 2 /i(2/1 +1/2-I) 2/1 (2/1 +1/2-I) 

-^4 _ (A 2 — A 4 )(A 3 — A 234 ) (A 2 — A 4 )(A 3 — A 234 ) 

{y-2 - 1)2/1 2 A 3 (2/1 - l)(2/i +1/2-I) 2 A 3 2 / 2 ( 2 /i - 1 ) 

_ (A 2 + A 4 )(Ai + A 4 ) (A 2 + A 4 )(Ai + A 4 ) A 4 

2 A 3 2 / 2 ( 2 /i - 1 ) 2 A 3 (j/i - l)(2/i + 3/2 — 1 ) (2/1 - l)(j/i + 2/2 - 1 ) 

_^4_ (Aj — A 4 )(A 3 — A 134 ) (Ai — A 4 )(A 3 — A 134 ) 

2/2(2/! - 1 ) 2 A 3 (j / 2 - l)2/i 2A 3 2/i (2/1 + 2 / 2 - 1 ) 


772 

—44 


A 3 ~ A 134 2 A 3 + 2 A 4 — 1 _ A 3 — A 234 

2 ( 2/2 - 1 ) 2 / 1 + 2 / 2-1 22/2 


Proof. By using 

pr*(xi) = 2 /i(l - 2 / 2 ), F"*(zi) = (1 - 2 /O 2 / 2 , 

pr*{dx 1 ) = (1 - 2 / 2 )^ 2 /i - 2 /i^ 2 / 2 , pr*(dx 2 ) = - 2 / 2 %i + (1 - 2 / 1 M 2 / 2 , 

pr*(R(x)) = (1 — 2/1 — 2 / 2 ) 2 , 
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we have only to calculate the pull back of 5 under the projection pr. □ 

Let 0(Y ) be the C(A)-algebra of rational functions on P 2 with poles 
only along the complement of Y. We change the frame ..., if 4) 

of the vector bundle pr*H 2 (S 7* ; 0 (j£), V) over Y as 

, < pa) = G , <£ 4 ), 


(1 


G = 


\ 


1 - J/i - 3/2 J 


G GL 4 (0(Y)). 


The connection matrix S of pr*i/ 2 (i7*’ 0 (X), V) with respect to the 
frame , (p 4 ) is given by the gauge transformation 


G 5 G~ l + d y G G~ l 


of 5. Straightforward calculations imply the following. 


Theorem 5.1 

3/1 


+ 


2 ^ 3/2 


T/ie connection matrix 

2 r -i ^ 3 /i 


where 


— + hi 

3/2 


3,1 


3/1-1 


+ /; 


3,1- 


■ ZS 

:l r— l ^3/2 


3,1 


3/2-1 


+ 


/ 


0 

0 

—A 123 
2 

( A 134 _A 3)Al23 


— A 4 

—Al — A 3 

— A2TA4 
2 

(A2+A4)(Al+A4) 


0 

0 

— A1H-A4 


j dyi + dy 2 
3/i + 3/2 — 1 ’ 


0 

0 

-^3 


(Ai-A 4 )(A 134 -A 3 ) A.3.-A3 


\ 

2 A 3 

/'4T 

2 A 3 



2 A 3 

2 

/ 

0 

0 




—a 4 

0 


— Al 23 

— A2+A4 



A1+A4 

-A 3 


2 

2 




2 

2 


0 

0 



—A 3 — A2 

0 

. (* 

234 _A 3)' ) '123 (A2-A 4 )(A 234 -A 3 ) 

A, - 

1 (A 2 +A 4 )(Al+A 4 ) 

^234 — 

\ 

2 A 3 

2 A 3 


a 4 


2 A 3 

2 

( 0 

0 0 

0 ^ 




/ 1 0 0 

0 \ 

0 

0 0 

0 




0 1 0 

0 

0 

0 0 

0 

5 

hi 

— 

0 0 1 

0 

v° 

0 0 

2(A 3 + A4) J 




^000 

- 1 / 


The connection matrix S satisfies 


J 


dytl 


A E = 0. 


Remark 5.1. The gauge transformation by G changes the non-closed 
connection matrix S into the closed connection matrix S. 
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We express the connection Vy in terms of intersection form Z c . Since 
the map pr : Y X is locally isomorphic, we have 

l c ((pi,cpj) (1 <i,j < 4). 

We give the intersection numbers for the frame ..., (p 4 ). 

Corollary 5.2. The intersection numbers T c ((pi,(pj) (1 < i, j < 4) are 
(27T\/—T ) 2 Cij, where 



Ciji 


2 

A 3 A 4 


2 


flii&oo ’ 

0 , 


t/'l < i,j < 3, 

if (i, j) = (4,4), 
otherwise , 


Cij are in Proposition \S.l[ 

Proof. It is clear by the transformation G, 

pr*{R{x)) = (1 — 2 /i -I/ 2 ) 2 , 


and Proposition 13.11 □ 

Let C be the matrix (C' u )i<i )J < 4 . This matrix is symmetric and 
C v = C, where C v is given by the replacement A i —> —A* (i — 1,..., 4) 
for every entry of C. 


Lemma 5.1. The connection matrix S satisfies 

S v = -S, SC + C*H v = 0, 

where S v is given by the replacement A j —> —A* for S. 

Proof. We can easily check this lemma by Theorem 15.11 and Corollary 
15.21 The second equality is also obtained by Proposition l4. ll from d y C = 


O. 


□ 


Lemma 5.2. (i) The eigenvalues of S 1 are 0 and —(Ai + A 3 ) = 

1 —Ci and each of the eigenspaces is 2-dimensional. Its (1 —ci)- 
eigenspace is spanned by the row vectors 


e 2 = ( 0 , 1 , 0 , 0 ), 


Aj23 A 2 — A 4 Ax — A 4 
A 3 A 3 A 3 


(ii) The eigenvalues ofE 2 are 0 and — (A 2 + A 3 ) = 1 — c 2 and each 
of the eigenspaces is 2-dimensional. Its (1 — c 2 )-eigenspace is 
spanned by the row vectors 


e 3 — ( 0 , 0 , 1 , 0 ), 



A2 — A4 


1 


Ai — A 4 

A 3 


,!)• 


A3 ’ A3 
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(iii) The eigenvalues ofE 3 are 0 and2(X 3 + X 4: ) = 2(ci + C 2 — a — b— 2) 
and i/ie 0 -eigenspace o/S 3 zs 3-dimensional and the 2 (A 3 + A 4 )- 
eigenspace of 5 3 is 1-dimensional. Its 2(ci + c 2 — a — b — 2)- 
eigenvector is e 4 = ( 0 , 0 , 0 , 1 ). 


Proof. We can easily check this lemma by Theorem 15.11 □ 

We set 

/A 123 A 2 — A4 Ai — A4 /Ai 2 3 A 2 — A4 Ai — A 4 

^5 (~ ) x ) x i 1); ^6 (~ j x j x j I); 


A 3 ’ A 3 


A 3 


A 3 ’ A 3 


A3 


and 


^ Ai 2 3 ^ A 2 -A 4 ^ Ai — A4 ^ ^ 

Tb — — Ti H-:- T2 H-7- Tz + ^4, 

A3 A3 A3 

^ A i 2 3 ^ A 2 — A4 ^ Ai — A4 ^ ^ 

P 6 = ~ rr—<Pl H-7- P 2 H-7- P 3 ~ < P 4 , 

A3 A3 A3 

corresponding to the vectors e 5 and e 6 , respectively. 


Lemma 5.3. (i) The forms <p 2 and <p 5 vanish as 7/4 —> 0. The 

forms <p 2 and <p 6 vanish as t / 2 —> 1 . 

(ii) The forms (p 3 and (p$ vanish as t / 2 —* 0. The forms (p 3 and <p 6 
vanish as y\ —> 1 . 

(iii) T/ze form ^4 vanishes as y\ + t / 2 —* 1 . 


Proof, (i) Since ^ 2 = 7/1 (1 — ?/ 2 )dsi 2 /(s 2 L(s, 7 /)), it vanishes as 7/4 —>■ 0 
and as t / 2 —* 1. We consider the image of 2(A 4 — I)xix 2 dsi 2 /L 2 under 
the map j>r*. By Lemma [4.21 it is 


Al 23^1 + (A 2 — A4 )(fi 2 + (Ai — Xf)tp 3 + 


A 3 (l - 1/1 - 2/2 + 27 /i7/ 2 ) 


1/1 - 1/2 


-Ti¬ 


lt is clear that this element vanishes and its last term converges to A 3 <p 4 
(resp. —A 3 ^ 4 ) as 7/1 —)■ 0 (resp. t / 2 —> 1). Tims X 3 tp 5 vanishes as 7/4 —>■ 0 
and A 3 <p 6 vanishes as t / 2 —* 1. 


(ii) Similarly we can show the statements. 

(iii) Since 

~ = (1 - l/i ~ Z/2)<fel2 
Q(s)L(s,y) 

it vanishes as 7/1 + t / 2 —* 1. 

We set 


/ c{T2iT2 ) 2i c (<p 2 ,<^ 5 ) 

\ 2i c (<p 5 , <p 2 ) X c ((p 5 ,(p 5 ) 


( A 3 -A Ki 4 )(Ai+A 3 ) 
AoA 2 A 4 Ap 34 
—2 (Ai+A3j 
A0A3A4 


□ 


— 2 (Ai+A 3 ) 
A 0 A 3 A 4 

—4(A 2 +A3)(Ai+A 3 ) 
A0 A3 A4 


i 
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( ^ci}PZi Pi) -^c(^3j Pb) 
\ X c (^ 5 ,£ 3 ) X c (^ 5 ,^ 5 ) 


We have 


(A 3 -A 234 )(A2+A 3 ) 

Ao Ai A4 A 234 
—2(A2+A 3 ) 
AqA 3 A4 


—2(A2+A 3 ) 
Ao^ 3 A4 

— 4 (A 2 +A 3 )(Ai+A 3 ) 
Aq A 3 A 4 


f X c (^2,^ 2 ) X c (^2,Xe) \ = £ / X C (X3,X3) Zc(x3,Xe) \ = ^ 

\ -^c(X6; X 2 ) -^c(X6; X6) / \ -^c(^6) X 3 ) X c ((/?g, X6) / 


Lemma 5.4. X/ie matrix 5* (i = 1, 2, 3) is expressed in terms of C 
and its eigenvectors with non-zero eigenvalue as 

X 1 = -(W + a 3 )<5( *e 2 , VK^r 1 (J 2 Y 

X 2 = — (^2 + A 3 )C'( *e 3 , t e 5 )(C 2 ) 1 f || Y 
X 3 = 2(A 3 + A 4 )<X t e 4 (C 44 ) _ 1 e 4 . 

Proof. We claim that 


vC l w y = 0 

for any eigenvector v of 5* with non-zero eigenvalue a and for any 
eigenvector w of 5* with eigenvalue 0. Lemma [5.11 implies 



-c^y. 


Since «^0 and 


a(vC t w w ) 


{vE^C = V0C) W = -v{C t (S < ) v ) *w v 
-vC \wEfy = 0 , 


we have this claim. Lemma 15.21 together with this claim gives the 
expression of the matrix 5* in this lemma. □ 
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Theorem 5 . 2 . The connection V y of pr*H 2 (f 2 , ’°(X),'V) is expressed 
in terms of the intersection form Z c as 

Vy(^) 

^A(l-Ci)(I,#,^),I c (5?,fe))( CO-'f I 2 ) 

2/1 V ^5 y 

+ — A (1 - c 2 )(Tc(t,T3)^ c (t^5))(C 2 )~ 1 ( | 3 ) 

2/2 \ T5 J 

+ a (i - c 2 )(z e (^,^ 3 ),z c (^,^ 6 ))((g 2 )~ 1 f | 3 ) 

2 / 1-1 V Ze y 

+ ZA. A (1 _ c 1 )(I c (ft^),I c (ft^))(C 1 )- 1 ( I 2 1 

2/2-1 V Z6 / 

+ ch/i + d y 2 A + C2 _ a _ 5 _ 2 )l c (tp, (pi){Cu)~ l {p±. 

2/1 + 2/2 - 1 


Proof. Note that the linear transformation 


(1 - c 1 )(Z c (^,^ 2 ),Z c (^,^ 5 ))(Ci) 1 ^ 

is represented matrix S 1 with respect to the frame t ((pi, ■ ■ ■, ^ 4 ). The 
eigen space of with non-zero eigenvalue is spanned by e 2 and 

Cq, which correspond to </3 2 and (pe, respectively. Thus the linear trans¬ 
formation 

(p^ (1 - Ci)(Z c (^,^ 2 ),Z c (^,^ 6 ))(Ci)' 1 f | 2 \ 

is represented by with respect to t ((pi ,..., (pf). Similarly, we 

have representation matrices S 2 and The linear transforma¬ 

tion 

2 (ci + c 2 - a - b - 2 )l c (tp, (p& )(C 44) —1 T& 

is represented by S 3 with respect to t {fp \ 1 ..., tpf). Theorem 15.11 and 
Lemma [5.41 yield this theorem. □ 
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